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Chapter I 4 


1,1 The problem of diffraction patterns or, ae they are often 
called, radiation patterns, hee long enjoyed the attention of both 
experinental ani theoretical workers, This has been particularly true 

in recent years and considerable effort has been expended to design and 
develop antonna feeds and reflectors or focusing elements for micro- 

wave tranmission which would preduce distant fields of certain preseribed 
characteristics, Most of the work has been experimental for, while it is 
pessible to determine accuretely a distant field pattern from a known 
flux distribution over an eperture (1) (2)"**, the converse han not been 
true, 

1.2 fhe problem of relating analytically a known distant field 
pattern to its source diatritution over an aperture has received the 
attention of only a few investigators. ‘hile their work — cone- 
siderabdle light on the nature of the problem, their results have not been 
generally applicable, PB. C. Spencer (3) has investigated the Fourier 
Transfora method in ceneideradle detail, Solutions nay be obtained by 
this method in certain enges but one must proceed with enmntion in extend- 
ing the limite of integration to infinity. Another appreach to the prob- 
lea hae been mede by P.M. Yoodward end J, ). Leweon (4) in a study of the 
two dinensional problen, In thie study the linits of the aperture ere 
extended to infinity in only one diseneion, 

1.3 In thia prpoer an analytical method for determining the amplitude 


Cistribution of electric and magnetic field vectors over s finite aperture 
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is doveloped, The method 1s baced on direct integration of the Kaxwell 
of plane polarized electric field vectors and their corresponding aper- 
pat SER Sener ey Sy eas ey ee ee eee 
the eperture, It 1s rigorous and requires no assumptions regarding aper- 
ture limits. The only restriction placed on the method from a practical 





point of view is that the postulated distant field pattern for which the 
source Cistribution is sought, must be of such a nature that it may be 
set up by cireularly eymmetric, plane polarized waves over the iliualinated 
aperture, A relatively elamle means of checking a postulated pattern to 
determine if it meots this requiresent is also developed, 

1.4 She integration of Haxwoll's f£el1d equations has been developed 
ty Stratton in collaboration with Dr. Il. J. Chu from a methed proposed by 
Kettler (5), the first part of thin paper, Chapter II, 1s devoted to a 
guusery of Stratton's wector solution of these equations leading up to 

and ineluding the solution for diffraction or radiation fron a surface 
with discontimoxs illwaination, euch as an finite aperture, 

1.65 Tho analyaie is further divided inte four parts, presented in 
Chaptere III through VI. Chapter ITI presents an investigation into the 
use of Stratton's equations for determining a distant field nattern fron 

& known aperture distribution, The enlution for the case of constant ampli-~ 
tule distribution over the mperture is exact and contains the mall, sen- 
erally negleeted, component of energy flow nervmal to the direction of 
propagation, The results of this snelysis heave deen used throughout the 
renfinder of the paper to provide the general cheracteristics required of 
the distant field, In particular, the @ funetion is contained in all 


assumed diestant electric field veetor patterns and vrovides the necessary 
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vector direction to the X component of the field in addition to the time & 


+ F (wt-#R) 
range factor; -—© ; 
1.6 Chapter IV presents the solution for 1(27) encountered in the 


iat«.ral equation®*® which always arises from circularly synnetric, plane 
polarized aperture distributions, In theory, the solution is linited to 
a sell class of 1(2°) functions (aperture distributions) but in practice 
the restrictions are of little significance, 

1.7 Chapter V presents a development siniler to the method given in 
Ghapter IV. This development, however, throws considerable light on the 
types of field patterns which are theoretically possible. It also pro- 
vides » means of solving for the aperture distributio.., 1(2°), wut in * 
general it is not as neat a methed ag that developed in Chapter IV. It is 
slightly mers general end could be of use in some cases where the method 
presented in Chapter IV fails, 

1.8 Chapter V1 presente a very special type solution for the aper- 
ture dietribution where I(7)} is a function ofp elone end is independent 
of "a", It is simple and direct but very limited in use, 

1.9 Conclusione are contained in Chapter VII, 

1.10 A list of symbols used with definitions end a table of vector 
identities are contained in Appendices I and II, Curves of required aper- 
ture distributions to give certain distant space energy patterns ere con- 
tained in Appendix ITI, Avpendix I¥ contains a short discussion on one 


special property of determinants, . 
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Chapter II 
Direct Integration of Maxwell's Field Equations 


Ze1 The solution to Maxwell's equations given hore is the solution 
developed by J. A. Stratton (1) and is contained in detail in his 
Bleetromngnetic Theory, sections 8,14 and 8,15." The folloving develor- 
nent has been modified slightly to better serve the purpose of this paper. 
2.2 Ye shell postulate thet at every point in epece the electric 
end magnetic field vectors are subject to Maxwell's field ecnatiens, 


® 


* 


Further, let us assume that the field equations contain the tine only as 


+iut 
a factor C and write the field equations in the fern: 


* 
VN E -ve n= J, (2,01) 
VN £ oes ee (2,02) 

ad 
Ve =x i (2,03) (6) 
Vv -£ =e P (2,04) 


where J* and P * are fictitious densities of “ungnetic current” and 
*magnetic charge” which to the best of our knowledge have no physical 
exietence, Both the real and fictitious currents and charges are related 


by the ecuations of continuity 
V+ J arte (2,05) 
je. 
Y-[ -twp%o (2,06) 
os +°RR 
otratton uses the expression e for a positive traveling 


wave, This is a matter of controversy ani the writer, in conformity 
with ongincering practices, prefers to uso e! P 





which may be readily shown to be satinfied by the field equations by 
taking the divergeneo of (7,01) end (2.02). 


2.3 The vectors B end I satisfy** 
DX(VXE)-R°E =: wut-Yx ri (2.07) 
VX(VKH) -RA = WETS IXT (2,08) 
where k= w7E X since 
VXE-iwnH=-jJ* (2,01) 


YZ x(VZxb)-iwu YXH= -Siz- 
VX(VXE)-iwu (T-iw €£)=-Yxl” 
+ 

ZX (WXE)-w Ex E=twn J- YxT (2,09) 
end GRAM we 6g =F (2,02) 

ZR(LXH)FVE VXEATKT 

WZX(LKXA)+iwE-LS ian) =VxXL 

Vx (ZxH)- w*€ x Heiwed + IxT (2.10) 
2e4 A direct proof of the desired result can be obtained by avply- 
ing the veetor anrlogue of Green's Theorem to the field equations, Let 
¥ ve a closed region of senace bounded by a regular surface §, and let P 
and © be two vector functions of position which together with their first 


amd secend derivativer are continuous throughmt V and on the mrface 5, 


then, applying the divergence theora to the veetor P X (¥ X 3) 


[ 21 bx(2xa)} de= J [Px(gxa)]- ae a a/ (2,11) 





“A table of vector identities is contained in appendix II, 
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The integrand of the volume integral nay be expanded to 

J [exe-zxa-P-ex(gxa)] des) [Px(@r@)- de (aan 
By simply interchanging E and § 

) [exo exo wx(gxD] des | [Qx(@ xP) de (one 
and subtracting (2.13) from (2,14) we have: 


J [a-2x(@xP) -P-Zx(2xQ)] dw 
= [ [Px(gx@)-Ox(2xP)]+ Ye 





(2.14) 
2.5 In equation (2,14) 
let P= 
| p a where a is a unit vector in an arbitrary 
direction and ; 
at ks | 
d = vy j VS=-S(ik+z) de (2,15) 
R 
YV- Vg = 5% Z (2,16) 
We have the following identities: 
a) ZXQ=VXPa=VSxXa=9VXxXe 
oe Vx Q= VSXA since VXa =O (2,17) 


(9) “ZX VX A= VS (V-2)-a(V: ZB) +(&- VY) VS -(VS-V) & 
=2t# d+(4-V) Tp 
V:@=0 and (V8°V) wa =0 since wis 2 constant 
(4-Z) 28 = V(4-V¢)-(Vb-V) ata x(Zx vd) 


+ VS X(VX4Q) = V(&:Vs) since 


 « 00 eta oF Se Deiat @e Or 28! Yo mivapetet ea? 








amy ws t@x9rq| | 28 (exvyxy-t-sxv sag] | 
, RODS Ear Cee 
Gag Ss cG@rvd] | =e [xewasvorg] | | 





- so ot OY sat 
agp (Bx) KV -Q-(Gxv)xV ohh 








eon oh 1s [igav)s0-\0F95) ) = 
e820) dhe of a4 | 
t=) 
4 ere itee of af coteey Oem © oP co ne ee & =E 
— 
» ' , KE 5 - 
cacy A( ares) R-= eV q rab 
(aa. R&- = RVD 


mephilines. acti Olin ads ew oF 
DBSKXYV R=BKX SV = BRKYV = 4 XV pes 


git = DEY sone DXRV= PRY - 
BY: SV)- BY (V-B)+ (OY VY) R-( DV) RY = DXDT IY yyy 
RY (VY: d)a BS we 
Suetzres 6 ww Some S= w (V- AV) bee OV 
(avy Z)x Sr HT-av)-(ey Sy = eV") 


come «= (AV S)V = (DRY) KAY + 


= 


(V#-V)d=0  YXVB 20 Yxa=o 


“. DX(VXQ)= ak gr+7(a- Ye) 


(2.18) 
tg (ZXB)= (wx 


(2,19) 
(4) ZX(LXP)=VX(LKE)= Rk Er ioud-LXL™ (20) 


Substituting equations (2.17), (2.18), (2.19) and (2.20) in 
equation (2,14) we heve: 


J |ba-[# Erion 2x2") | ak b2(e: vl]! aw 
= | [wbx 4) -¢ ax(PXE)| - iy Clee 


(2,21) 
The integral over the volume may be written 
af (ian Ib -LXT 8) def €.0(& 8) dor 
= arf (‘an Is-9xI b)dere|) (a-28)(V-E) dr 
-) 2{(@ V8)E| dar = a-f [ian T$- x09 
+ 8 (7-6) dw -a:{ (Ev) Wb dw (2.20) 
s _ 


The integral over the surface in equation (2.20) may be written 
[ [a £026 -0)-E He -ae)]-9[@-EN 2-2) 
(a )(E-au)] dia 
- af { (aw VA)E -(E 0h) wf] (av V)E-(E-m) val da 
-a-[ fv? x(Exar)+ B[ av x(PXE)| | da 
: af (wxE)x Wb +4 ax(ianH-TY| ; da a2? 


S=DHKY & av ky, b= OY: RY) - 

° ay ai 
(new) (RY SB) V+ WFH=(QXV) KY ~. is 
~*~ 

(axwz) =(Qxw) , 

wal : m1 


weep LXV -Lws sa ex) XV =Exy) XZ gap | 
ob GORA) men (OL) (ALS) 001.0 setters pervert ee ow 
‘ ‘ee 

re! ow (ht.¢) aan 


NN ih g-s)y+e'ks |-a-["Lx Y Uae iad | ak | | 


Umve) sb yg: ((AXV)x a &- salle 
z, 
ceiéies of wan eaelew off aor lavaodal off 


SS (GY SITE ESE TKT- a1) \-0 
< (2-Y) RP) | pwBTxy-alxoiy | = 
e"Txd -R bay 9 = [Revo lv |- 

eb &Y (os 3) | be ws law) av + 


amitiwe of <n (00.0) ao) eerpe of com bur of) cows lemetal oft 


(at) 


wo ¥)G-a)]&-[o Mav-3)-lowI@-a)]} | 
ow {fis Wh AV a)4 
)-A(Z- ap) fw WB) BWV oh) | | ow = 
oss | [Caxy xq |e+ ora gy | | <9 = 
we || \OV- Argosy ant 8Y ‘(anasy |e : 


oh | [Bo ee 


(ae.2) 


Combining equations (2,22) and (2.23) and since p is arbitrary 
J (iow Tb- WT + OL P) ders [ [i ou (mw x) 

v S 

+ (XE) x VS + (mE) We - x T*| das 


(2,24) 

The identity 

if Wxb Ddr= [ xT" da 

V 5 
[ [(QD98-D% ve] dee [aL de or 

V Ss 
[gD are [ mx" dar f TRIS ae 

V S Vv 

reduces equation (2,24) to 
[ (i au OL 28+£ PVH) des [[i onan xd) 9 

V S 

t(wxE)xVb+(w-£) ve da (2.25) 
2.6 fhe validity of thie relation has been established for regions 


within vhieh both P= Z ond Q=¢% a are contimous and possess contim- 
ous first and second derivatives... & however, has a singularity at 

r= 0 and consequently this point must be excluded, Let x', x', x!’ bo 

the coordinate of an interior point and let a sphere of radius r; be 
clreumscribed about the point x', y', 2! ita normal, gp, directed out of V 
and consequently radially toward the center. ‘The area of the sphere van- 
ishes with the radius as 4 TT xe and since Vp=-9 (rR +h ) de r ? (Ck S 4) 
ana (xE)tar(m E)av=£ the contribution of the spherical 
surface to the right hand side of equation (2,25) reduces te ANE (X,4, x y 


The value of E at ony interior point of ¥ ia, therefere: 
es | * 
E (hy 2 )= F (iau J6-TXI+tEL TB) de 
V 


- Fm [ [iow (2 x H) B+ (ov XE) x 28+ (ov E) VB | dd (5,26) 
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WF + HS)R = (525) R-= RT merce Ben Se TCR we ninth att SIP Wate’ 
Septet oft te miltutietes ath = OVE SS )4 994 (B yun) 
NS ROBE ar ecsien (AES) aniieerpe be ely Wael tet we a! wot 
(oma iweee’ 2) % to semow Satentat an fo Bt wler oD 


~h (ay 3 vay ey oon) Hie SYS 
(ota) os [ay (a. ase) RY (AX) + (A 1, not\\ a 


= 


An obvious interchange of vectorn leade to the correspendcding expression 
for i. 


A(x, 4. 5')= gmp [ (ime L644 Verte PVH) dr 
+ a5 [ [ie e(ay nE) b- (ex) Tb-(arH) vs/ da (2,27) 


2.7 If all currents en’ charges enn bo enclosed within a sphere of 
finite radius, the field is regular at infinity end either side of S may 
be chosen as its interior, 

2,8 Let us suppose now that the charge and current densities are 
confined te a thin layer at the surface 3, Aa the depth of the layer 
Giminishes, the densities may be increnned so that in the limit the volime 
densities are repinced by surfece dengities. If the ragion V containg no 
charge or current within its interior or on its boundary 5, the field at 


an interior point is 
Elegy )=- aq | [ion (ex) Bt (wre) Cb +(m£) 98) de 


and since either eide of S mor be chosen as its intericr 


E(w) =— dp | [irl xt) pr(oae)x 28-20 £) 76) ar ¢20) 
where E(x) is the electric field vector distribution out of the aperture, 
209 In the ense of radiation from an aperture the aperture will be 
defined as a finite circular area in epace of redius "a" over which the 
source distribution of slectrome-gnetic suergy exists. The sperture is 
shielded in the direction of the negative normal by a perfectly absorbing 
screen of radius "a" through which electraungnoetic energy may not pasa. 
The aren over the face of a parnbolic reflector closely approximates this 
definition of om aperture, 
te LO Equation (2,26) holds true only if 3 and FH are continuous and 


heve continuous firet derivatives st all points of 5. It cannot, there- 
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10 
fore, be applied directly te the problem of radietion from an aperture, 
fo obtain the required extension to such cases consider the elored sur- 
face & (closed at infinity) to be divided into two somes S, and S, by a 
closed contour C, aa in Fig. 1. 

The vectors & end Yj and 
their first derivatives are 
contimious over S, end satisfy 
the field equations. The sane 
is true for 5%... However, the 
componente of % aad H whieh 
are tengential to the surface 





are subject to = discontinucus 


Figure 1 
change in passing ecross C. The eecumence of such discontimaities can be 


reconciled with the field equations only by the further aseweption of a 
line distribution of charges or currents about the centour C, This line 
distribution of sources contributes to tha field, and only when it is 
taken into account do the reaulteant expressions for % and K satiety 
Maxwell's equations, 

2,11 A sethod of determining a contour distribution consistent with 
the requirements of the problem was proposed by Eottler (5). A disconti- 
mity in the tangential components of £ and H in passing on the surface 
fro zone Sy to zone Say implies an abrept change in the surface current 
Gensity. The termination of a line of current, in turn, ean be eccounted 
for according to the equation of continuity by an aceumnlation of cherge 
om the contour, Let ds be an element of length elong the contour in the 
positive direction ag determined by the positive normal mn in Fig. 1. let 
A be a unit vector lying in the surfeee, normal to both p and dg and 


Girected into zone 1, Designate the line densities of electric anti mag~ 
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11 
netic charge by T and (°. The equations (2.05) anf 2,06), when applied 
to surface currents becone 

, : * 

mi(Ki-Kajzioc vy, (KK) -1 UV 
where E = electric current surfece density 
= megnetic current surface density 
k= 2%; R= axZ 
Hence} 
U aT= mn, (xt, - wXH,)=(t%-4,)- (av, xn) 
bats ay, (UKE, - xb, ) = - (EE) (om x2) 
wks #&s (Figure /) 


2,12 Yor radiation from an aperture 5. renregents an opacue screcn 


and over it Z and ER. are everywhere sero, Therefore, the field at any 


point on the eshadew side is from equation (2,26) 


Ele) =~ ee te f WA ods)-& f [ie ex 
t(wx£) x VA +(w- £) v8) da 


and for the magnetic fleld vector distribution: 


H (x)= —— on ta f WE, dstaq | [iwe(axe)# 
- (aux) x Tb -(w-H) 6] dav (2.30) 


relations in the 


(2,29) 


Bruations (2,29) am’? (2.20) will be used as the initial 


analyticrl developrents which follow, 
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Chapter III 
Determination of the Distant Field 


3.1 It has been shown by Stratton and Chu (Chapter I of this paper) 
that the electric field vector resulting fron radiation through an aper- 


ture mney be expressed as 


4 E(t) =~ voz f C8(th-ds)- { [iam (mur th) F 
Cc S 
+(m¥£,) x T8 +(av-E,) Wt] da (3.01)"" 


The subscript 1 in this expression refere to aroa 1 (area over the 
aperture). Since B and H ere zero throughout area 2 (aren in plane of 
aperture outside the aperture) E, and H, will eimply be written as g and 
HE. In addition, the development will be confined to circularly symmetric, 
plane polerized Z and distributions so that B= 1 (P,a); H= H (Pa). 
3.2 The purpose of solving equation (3.01) is to determine the 
vector and range characteristics of B(x) resulting from & and H distribu- 
tions as aseumed abdeve.. This end will be met nost ensily by accuming a 
constant amplitude dietribution over the aperture and this will be done. 


At present, however, for development purposes let 
” 
Beri F a)e and 
A 
Az MPa) t 


and let the aperture lie in the x <, plane such that n =k, Fig. 2, 


page . 


*“mhe time factore “ts understood to be present in this 
end similar expressions, It will later be included in the @ end F fune- 
tions. ££ and HU are in time phase over the aperture. 
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$.3 In equation (3.01) consider 
¢ Wb (H-ds) 
Cc 


A 
Note that for K= ™ (P,a) 4 and de in the x, y, plane # . ds will cancel 


in pairs about the contour C. Hence, 


f ve (H ‘ds) 20 ané 
Cc 
#F E(u - ‘f [ine (on x) Pr (vx) WB+(m-£) 94] dar ¢s.09) 
S 
Performing the indicated vector multiplication: 


joe (avxH)b=iwu[hem (Pa) ]=-ieam (Pali 
(2) 
and since i : ye\ e =e =f b= 20 


we may write 
Lay (2 xH)b=-iaum(Pai=- 94 Tf a) 2 (3.03) 
-- ys T (Pais -ikI(P,a)e 
and (x E)x Vb=[AxI(f a)i] x Ve 


-I(f a)[¢x v9| 
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ar : ) 
Tbe es 8 “(i eb) Aee-i hd (1 ey) ™ 





(mx E)x 7b =-ihb (Pall! | Fay 





je = sn 6 cos pit sin @ sth ot + cos 6 # 
ti kbe= Cos 82 -— SING cos p & and 


(mwxé)x Wb=-:h bl (P a)(i+ +, ) (cos @ i-sin@ cosy &) 


(3,04) 
(av-£) 2d =1(fa)| | — (3,05) 


Substituting equations (3,03), (3.04) and (3,05) in equation (3,02) 


we have: 
sre (x=ik| #L(P a)| i+(+s%, )(coses-sne casph)dar (3,08) 
Por the distant field , 7557) and (/+ ) — 9 


ees 67 £(X)= i&| (14 cas) i-sin 6 cosp 4] | #1(F a) da (3.07) 


ie -t€p op 
a 27 [()4cas 6) é-sine csp] | © “1(P a) da (3,08) 
a “ts # 








304 From the geometric relations derived in Fig. 2 
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and we may substitute r = R in the denominator of equation (3.08), 


Tt? ater 
This gives . EF oP {fie cos] sing _ 4 ! 
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(3.09) 


(3.10) 


(3.11) 


a pak 
fpf | ae ik Psing cos (> - #) 4fpd¢ 
aa 
pz =O 
debi : ‘ 
where @ - jye (1#cos6) 2 - S519 @ COS 9 £| 
AR 
3.0 Now, since f 4s independent of ? we may replace 49 by 
d(F-f) in equation (3.09), Also let # P sin =z 
Equation (3.09) becomes oe (¢ -9) 
2 aw 
E(x): & & (Tp aPep( « FP 4(¢-9) 
¥romn Jehnke end Made (7), page 149 
ia Lz cas Te LNP 
In (z)= 2 | © “ace 
ar (Zz) = ix <—_ 49 
Eble ef T(Pa)Perh (kf sme) af 
" dpze 
=G | T(Pa)P SE (kf smo) 4h 
3.6 fo determine the gencral form of B(x) let ie a )= J 


1.6, constant amplitude distribution over the aperture then 


E(x) = GT [ PE(AP sme) ap 
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16 
(7) 


A 


_— “Aw A i 
E(x): GT &f sme Taf sine)| 


(R sine)* pro 


eo Re ST ae 
Jet x=#e sme and 
Pa): GIa J 


(3,12) 
3.7 


a 
Sinilarly, ueing equation (2,20) we may solve for the magnetic 
field vector distribution in distant space, 


Fron Stratton $ 2H (x). ie f V9 E-dst] | (we (wae) #- 
dalilgr ia iad da 


(3,13) 
Again, since 2-/(f, a)r and de lies in the x, y, plane 
g V% E-ds =0 and 
C 
40 Ala)=[ [ive (aexe)§-(aete (rH) eH dg gy 


we (arE)p=ivenm(fa)d(it 7, )ixre 
ih M(Pa)d('+tHq)| sino mph - oso Z| 
(a -H) Tp =0 Again for fp >77/, (1+ FB ) —= | 


457 H(x) [iA AMUE alte owed SiN @ sing #] da 


H (x)= 4 f mfae | (r#cos @)t- sin @ sn gh} da 
20 oe 


LRP sin 6 Cos )a 4 
ey € on | (1+ eset - sin 6 Sin 9 t [ne a)e p o ($- Pipd Pd 
LL [lil ik fP sine cos (9 Nei pas 


where F - ete oe [(+ cos 6) -5In g sin pA 
AR : 


(3.15) 


(3.16) 
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Equation (3.15) is identical in form to equation (3,09) and 


se il A we “ 
Hx) =F MPa) P Ua P sine) 4 P (a0 
For M(P.a)= 4 j H(i)=FM a Lee) (3,18) 
3.8 The solutions for B(x) and H(x) as they appear in equations 


(3,12) and (3.18) are the nost useful forms in this analysis but to ver- 
ify that they are correct in practice one must use the expression for the 


energy of the distant — since this energy is all that mey be neagured. 
G 


9 P-AEXH 


(3.19) 
where E indicates complex conjugate of H 
R. = ?(wt-#*) 
rk e — ; 
=- Dal Al (v4 cosa)y-sine sing | (3.20) 





a 
2% om) TMa* TH) [}(i# cos 6). 3 
sin @ cos p 2 f x | (1+ cos 6) f - sing sing f 
a 7 foe Uae . 
=f .. pee [a ru) (14.08 @) (sing COs p)e 


+ (1 + COS 6) (sin 6 sin ) ¥¢ pi cosa) | 
=f TR |" ee [+case)| sine cos t+ sind Sng t + cook rf] 





but sino cos p 2+ sin 6 sin p Ft cos 6 & = fo 
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& = CSO hy - sino 


P-4/ 28 ae ee) 1 +0 Q [Ayr cose dy -~ Sin 08 


eee 


—_ Zz in a 
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since sin 6<<(/t Cos 0) or 8<20, This expression for the energy flow 
serees with the generally accepted solution given by Schelkunoff (2) for 
tranemigsion through a circular aperture. 

3.10 The resninder of this paper will be confined to relations 
between the electric field vector distribution and the corresponding aper- 
ture distribution, There is no loss in generality in doing this since 
the energy in distant space ig proportional to the square of the amplitude 
of the clectric field vector. Specifically; 


£:nH and PEK ; 
og 2 (4) 
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Chapter IV 
Solution for Aperture Distribution 


a A 


4,1 Bovation (3.11), pege , B(x)= af war sno) (fa) Paf 

is the integral equation that will always arise from a circularly symme- 
tric plane polarized emplituie distribution over an aperture, Its solu- 
tion for E(x) if I (P ya) is known is in genoral not difficult and may de 
accomplished by numerical integration if other meane fail. However, the 
solution for ] cP ,a) when B(x) is known presents a different probdlen. 
4.2 One method of attack has been to use Fourier transforms. This 
recuires the ageunption that the limits of intesration may be extended 
from O to o© and considereble error may be introduced eince the function 
I Piya) may make o large contribution to the integral between a andoo, 


If we write: 
Rx) = e [ s(ePsin ) UP ,a)f af 
& 


4i/ J. 0c PSine ) r(P a) P aff (4.01) 
Q 


then the error introduced in solving by Fourier transforms or Fourier ~ ; 
Bessel transforms ig equal to the value of the second integral. Obviously, 
for certain I{ p 2) functions this error will be large and only in special 
cases will it be zero. In practice, it is impossible to have 1(? ,a) 

equal to zero at P =a and hence an error will always be introduced if 
this method is used, If the unit stern function is ineluded as a factor 

in the eperture distribution end Fourier - Ressel traensfornme are used, the 
extension of the limites to infinity introduces no error but this method 
leads to rather formidable equntions except in special cases. 


3 The method developed hero requires no simplifyins assumptions 


regarding limits of integration nor aperture size, The equations are 
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relatively simple and the integrations aro direct, 


- i A A mn 
4.4 Returning to ecuation (3.11) B(x) = ef 1(pP,a) f a iP Sin 4 ) dp 
0 
Assume that rp »a) may be written as r/c pa )*| = Wz) (4,02) 


This assumption imposes no further restrictions on I(f',a) since it has 
already been specified that the aperture distribution be circularly 


symmetric, 
A 
In equation (2,11): let Z= fla 


A 
then = a 
A 
d Pz adz 
- A 
and = kf sne= hase L xz smce X= ha 56 


The linits of integration become: 
for p = 0 Z=0 


A 
fre rath aat| 


f 
Hence: (x) = of I(z*)a2z Ldz)aaz 
} 


Gat 21(24) 5(Xz) LZ 


(4.03) 


2kts 


re + 2% ay = 
for I(2")= F lug 2"; 2I(2 I= 2 Ly 2 


/ oo 2ér/ 
and Et) Ga*| f(e)F Laz 42 
0 20 
(4,04) 


aia j ze+/ 
eG a° 2 Lee [Z (zz) Z az 
=0 0 


(4,05) 
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Taking the summation sign outside the integration is permiselble 
here since only distributions which are possible in practice will be con- 


sidered; to be possible ttt! oo 
ZI (z ‘)= Z, la 7 must be finite at Z =/, hence & Lp must be tinte. 
=0 


4.5 Consider: [ioze** ‘“ = £, {xz I (cz) 27" 4 (xz) 
integrating by parts where [ dor arf dL 
4 
let w= Z” dv: XE Gf (K#)A(xz) 
Z2=/ 
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Using this result we may write ecuation (4.05) as 


E(x)= = Ga a. lies i oft ALY -i)(% a (R-p +2) A ; AC] 


a 06) 
Eisele Wok ci ee 

ArWlorl,rzl+3/, rtd slito ci] 

g, 

/ 

thaldlororeles2hteshesel,......| 

J, 

As@Jororor az, ¢9.3. ral + 5-4-3: il, pres oe & 
ot 


q Ppa apa tP Lag! Cell Tay, 


¢ (et2)! Tapes t... ne 


EO. Ga" a (uy be 7 
Ge ET ats 5 ge8) tay ag om 
4.6 Now: If the ot ‘athens is expressed in terms of SL 4 (x) 
and if we consider the Ap, (X) as the independent variable we can e-uate 
coefficients of the /L 4 (x) and solve for the Toye The recuirenent that 
the desired pattern be expressed in terms of AR (x) is not a restriction 
imposed by the method so much as a rostriction imnosed by natrre. The 
reason for this is discussed in section 5.3 paze 


4.7 The following two examples solved for distant snace patterns 


for which the corresponding aperture distributions are known show in detail 
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Rxample 1: Let a(x) = @ Ta” J,(x) for which 1(2*) =7 (2) 
x 





thet is constant amplitude. 
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Agsin [0420 for 52 and we have: 
oe |) Lave 
-I@sorl,) B-FZ 
T(z): Ta* (0-27) and 
Ip a) = Ta*(i-Pap| 2 


4.9 For a general solution assume that E(x) = if G Sum ( x) 


and equate coefficients of SA, (tin equation (4,07) 
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However, Im, for 2k <dm-2 are not equal to zero. If we equate coeffi- 
cients ofA on -4) (j=1, 2, 3, ...6, m-l) in equation (4,07) for 
R(x) = IG Noh); then ps m-j in equation (4,07) and we have 


- me Ce CF a (m-p-14%)) 7 pj te or : 
Fi (my) z £! (2 eg 242k) 





= - 14h) / =O 
2 a Lizm-2j-242k) (4,09) 





* % 
Appendix IV 


SVEN Oe bee 5 = av Y= As) 


‘-—_ 2 aw) 
e by 


&-? 


qf 
2 
- 
je ’ 
4-4 
+ 
i? 
; 


= Ae 7) a = 
orp TAN 7 aly oP 


i 


‘ 


Pavoebosd = bat 


je 


i 
! 


, nN ~~ 
Qe 2 


hn ) Se, 


\W ace Ri SS a 
ea. FY (v=) “Be 
( & wR 4 aie >) \ & px nee ——— ste 


\ \ = 
, ? -~\ 
pategs lew) 2) “gel 
» SAY ~- 
Nae \ee , \ 
ia ; NITEN oS 
\-S % 3 : 
ut or 
vies! * Se ~ (Seats gh oe 
AN 
- > 
j 
ied y a wei 
a a ee 
: ™ ya _ 
; | | CLARA NS Sagem ee, 8: 
7 aie { —.) DBP=0 
i) , 4 = oe 
& ot & nes OE) S 
A ee) 
> Chee XU ei 8 x) & 
LR RYH A ote os] wa ~~ \- = 
VX gee 
VER aoe 


25 


Squation (4,09) provides a ready meens of solving for the Im for 2 k <2 m~2, 
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Yor j = 1 Vee Nie anes 7 Li ys 


Substituting from equation (4.08) - bigs in the above expression, 
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electric field vector distribution of B(x) = 1¢/, (x) is 


a az *) = Lm (7S “ or 
IT (Z°) Vw ‘Ge z) se! (4,16) 
4.10 Several interesting facts may be deduced from equation (4,16). 


Only when (x) is present in this distribution in distant space will the 
aperture Cistribution have a value at the edge of the aperture where 2=1, 
Since in practice there will always be some energy at the edge of the 
aperture we may conclude that E(x) will always have /_, (x) in it, This is 
important since it tends to introduce side lobes at low values of x. See 
Fig. 3, Appendix III, To radiate a lobeless pattern this tendency of (x) 
to go to zero at the zeros of_/_, (x) and further, to go negative (i.e. 
phase reversal) between alternate zeros of /L , (x) must be overcome by 
higher SL (x) functions, But the introduction of higher /L (x) functions 
tends to broaden the pattern. This forces a compromine between beam width 
characteristics and sidelobe characteristics, The general tendency, 29 
has been known from experiment, is that to radiate a narrow pattern means 
the introduction of sidelobes and vice verea, the reduction or elimination 
of sidelobes tends to broaden the pattern. Theoreticelly, from an exani- 
nation of equation (4.16), it is seen that a lobeless pattern mey be 
radinted withont infinite energies over the sperature, All that is neces- 
sary is to choose /L,, (x) euch that the first zero of /L mix) oceurs at 

z> ka Sin@=: ke (4.8, até = 90 ). Hote here, that since k= an )» vad 
that A is inversely proportional to the frequency the value of x increases 
as the frequency of the radiated energy increases ax further, the order 
of /L,, (x) must be increased. Since 1(z) “” n(l-z wa the energy at 


whe center of the aperture must be more an more sharply peaked to radiate 


a lobeless pattern as the frequency of the raiiated energy is increased. 
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The same is true as the dimensions of the aperture are increased. Pig. 4, 
Appendix III,shows the required aperture distribution to give a lodeless 
pattern for a frequency of radietion and aperture size such that ka= 10, 
Theoretically, a distant space distribution of 1, (x) will give the desired 
lobeless pattern, however, in order that the practical requirement thet the 
energy not be equal to sero at the edge of the aperture be met, a distri- 
bution of JL, (x) +g (x) has deen chosen, Note the shoulders that appear 
in this pattern et@= 50 and O-= 90, These can be reduced only by 
increasing the proportion of A (x) over the amount of 1, (x). Increasing 
the proportion of 1, (x) requires a reduction of the relative amount of , 
energy at the edge of the aperture compared to the amount of energy at the 
eenter. In the limit, complete elimination of these shoulders may be ob- 
tained by reducing the energy at the edge of the aperture to zero and 
radiating a pure/L 9 (x) pattern, 

4.11 Fige. 5 and Sa, Appendix IJI,show clearly the effect on the re- 
guired aperture distribution of narrowing the radiated pattern by choosing 
a distant space distribution containing a higher order-/\ (x) functicn 
which is eubtractive. In Pig. 5, showing the distant field, a comparison 
4a made between al, pattern and a 2/L, - See pattern, The half power 
point of the former occurs at X = 3,1 and that of the letter occurs at 
X= 2.6, A reduction of some 16% is obtained, Pig, 5a shows the compari- 
eon of aperture digtributions correspomiing to the two above fields, It 
will be seon that the distribution corresponding to the narrower pattern is 
hollow in the center of the aperture. Such distributions ere always ob- 
served in center fed paraboloids and are caused by the feed gupnort. The 
hollowing out of energy at the center has nnrrowed the distant espace pattern, 


at the sane time it has increased the amount of energy in the sidelobes, It 


anpears, however, that in theory at least, a postuleted field pattern could 
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be approximated as closely as desired by a Fourier—Bessel series of /\. 
functions and then the required aperture distribution could be readily ob- 
tained using equation (4.16) page 26. An attempt at such an analysis is 
beyond the scope of this paper due to time liuitations, 

4.12 Two additions1 postulated distant space distributions with their 
corresponding aperture distributions ~— plotted in Fiz, 6 and 7, In Fig, 6 


curve 1 is the distant spaco distribution for 
BAa(AteNgtngtAyNe-Nq- Au) 
It shows the result that may be obtained from a combination of /. functions. 


2 


The resultant pattern is lobeless to ke sinO= 10, Its half power point 
occurs at X= 4.2. Curve 2 of this same Figure shows the effect of sub- 
tracting/A.,, from the distant space electric field distribution which gave 
rise to curve 1.. The half power point now occurs at X = 3.2, a reduction 
of nearly 245, Note the large incrense of energy in the first side lobe 
which begins at X= 3.6, She pattern has been narrowed but at the expense 
of poor sidelobe structure. Fig, 6a shows the aperture distribution 
corresponding with curve 1 of Fig. 6; Fig. 6b shows the aperture distri- 
bution corresponding with curve 2 of Fig. 6. 

Figore 7 is the aperture distribution for a pattern having no 
center lobe, Fig, 7a is the aperture distribution corresponding with this 
space pettern, 

4,13 In addition to these pattern, Fig. 3 is a plot of the functions 
for order 1 through 12 plus 16 am? 20, A table of values for all S\p 
functions, 1 through 20, for values of argument zoro to 10 is tabulated on 
the pages following Pig. 3. These values have been taken from "Table of 
Spherical Retsel Functions", Velume II, 1947, prepared by the Mathematical 
Tables lroject, National Bureau of Stunéards, ‘The page following contains 
powers of (1- z°§ evaluated at intervals of one tenth for 0 = Z = /0 


end is included for ready reference, 
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Chapter V 
Theoretically Possible Patterns 





5.1 Starting again with equation (4.05) page ; 
= 2é +l 
E(x)j-Ga 5 1, | Gaz)2 az (4,08) 
Since a . (7) 
J (xt Z)= pa ae 
_ oo , % +t / 
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os ) ee 7 
Ga Zz oy” zu Z~ | 
ag Zz a poe (74) 2ZRI2ZMtED 


Z=0 


Ga FF _ 
ee 22 Lecy ___(y (5.01) 


If now E(x) is expressed in series form in powers of (x/2)*™ n= 0,1,2,3.. 
we may equate coefficients of (x/2)™ and solve for the 1... 

5.2 This method permits a theoretical solution whenever the field 
distribution may be expressed as a power series and is more general than 
the method given in Chanter II. However, the real worth of this method is 
that it provides a rather easy meane of investigating a proposed pattern to 
determine if it is theoretically possible. This mny be shown as follows, 
6.3 Let G a® A ve the coefficient of (x/2)™ of the proposed pattern, 
then equating coefficients from equation (5,01) 
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If we consider a finite mmber of I,,, and the I,, are bounded, which they 
must be for the aperture distribution to be possible in practice, then as 
m increases towards infinity we may write equation (5.02) as 
e.) 
a (me +1)! (am)! (-1) 7 P De Log where Bis pinite (5.98) 
iy — se Co. p= os 

In this expression for the Iq, their sun will remain finite only 1f A is of 
such form that it cancels the (m+ 1)/ n / (1 on the left. This requires 
thet E(x) be 2 mm of Rensel Functions or similar functions, or combina- 
tion thereof, and only in special cases will the distant space distribu- 
tion not he periodic, 
5,4 fhe requirement that B(x) be expressible in terms of Bessel 
Punetions is not in itself mufficient to establish thet such s pattern is 
theoretically possible, Only s sum of single Bessel or similar functions 
will satisfy the requirements that the coefficients of A in equation (5.03) 


frr/ 
cancel the factorial expression (aw t ‘) H al (-1) 


5.6 As an example consider the field vector pattern 
2 
ae _({% 
E(t) -76a* I) _~ C77 (5.04) 
—_— ~ x 


Such s pattern would permit the reduction of side lobes to as mall a 
value as degired if such a pattern were nossible. It is known to be in- 
possible in practice and it may be shown te be impossible in theory by 


epplying the method given sbove, To do this 
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Chapter VI 


Solution for Aperture Distritutions 
Which are Independent of Radius 


a 


6.1 A nethod of solving for I(f ,a) in equation (3.11) page 
when uP 2) = I1(f), that is, I is not a fmction of “*a®* may be read- 


ily obtained as follows, 


E(t): F (fa WE a)-G [TPE (& Ps a)Pafp (6,01) 
d. - A A ae 
da. ECG!"  [rfiatthendflahela) sin o)af (6,02) 


Since the integrand of the integral is independent of "a" its derivative 


will be zero and hence the value of the integral will also be zero and 


£ E(x)=G g 1 (a) (ka sin 6) 


1 = | 
Hence, /(a)= da E (te 5 4) (6,03) 
Ca Jp (ha c/n @) 
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Example I: for E(x) = Gla J (x) we have 
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= TE |a’ i (te ~ 6) | . 


and 
Tla)- 4&4 hy (Ra sind) _ 2 i , 
(4) GQ (ha sin 6) wen —— 


be readily verified by Cirect integration of equation (6,01) for I( Pp )= P . 
6.2 While this method is quite linited in practice it is easy to 
check a possible solution this way and if the expression for I(a) in 
equation (6.03) results in 2 solution for I which is independent of 6 the 
probiem in readily solved. The space patterns which will give such a solu- 


tien are those which arise from integration of equation (6,01). 








Chapter VII 
Cenelusions 


Tol By following the aceepted field equrtions of Maxwell and retain- 
ing actual lindts of integration a method hao been developed peraltting 
correlation of the distimt field with a cireulerly syametric aperture dis— 
tributions Thies is in distinetion to earlier methods based on Fourier 
transforma in which the limite of integration were extended to &nfinity, 
ani the results of which wore not in general realistic. The method devel 
oped here relies cn the A fumeticns and gives realistic expreseions for 
the lobe structure of distant space patterns. Anothor wilmble result of 
this work 1s tho definition of the types of pattern that are physically 
poorible, consistent with electramenetia theory. 

702 The method developed cives a close insicht into the dependence 

of beam width, and therefore sain ef the pattern, on the tolerance of lobe 
levels, As the pattern functicns are mde to converge to lobeleso pate 
terns the corresponmiing aperture distributions are found to converge 
toward a point souree centrally loosted on the aperture, The relatively 
morrow and low lobe patterns obtained in better redar equipment are found 
to correspond to certain types of hellow aperture distributicne which 
correspond closely to thone obtained in thia amlysins 

Te> ‘411 possible cireularly symactric amplitude distributions over 

an aperture set up distant field distributions that cre expres:ible as sums 
of /L funetiona. The absence of a Fourker ~ Bensel A function method of 
developing pattern expressions ise a diatinet limitation to this aprroseh 
to the probleme 
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Appendix I 
Table of Symbola (MKS units) 


Definition 
radius of aperture 
area within aperture 
area outside anerture in plane of aperture 
velocity of light c= Vat 
contour bounding eperture 
differential element of area l. da = Pa Pao 
vector differential element of length about contour C. 
electric vector within volume VY. 
electric field vector distribution in distant space 
directrix, time and range factor of K(x) 
frequency 
directrix, time and range factor of 2(x) 
magnetic vector within volume V¥ 
nagnetic field veotor distribution in distant space 
square root of minus 1 
unit vector in x direction 
electric field vector distribution over aperture 


annlitude distribution of electric field vector over 
apertura 


emplitude of uP a) for constant amplitude distribution 
unit vector in i direction 

Bessel function of first kind, integral order n 

current density 

phase constant 


unit vector in z direction 
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electric and magnetic current surface densities 
magnetic field woctor distribution over aperture 
amplitude of M(P ,a) for constant amplitude distribution 


anplitude distribution of magnetic field vector over 
aperture 


unit vector perpendicular to aperture in direction of ' 
radiation 
space polar coordinate system 2, ,9., Po. - unit vectors 


position vector fron center of aperture to point ( K, P ) 
position vector from point (x, y) in aperture to point (*,%&) 


unit vector in R direction 

x= ka Sin 0 

rectengular coordinate system i, Jj, k ~ unit vectors 
a= Pie 

angle between R and P 

pernittivity of space 

impedance of space)/= Ve for conductence 0 
anit vector in 6 direction 

free spnce wavelength 

lenabda function of integral order p 
permeability of space 

charge density 

radius vector in aperture 

line densities of electric and magnetic charge 
engular measure in aperture 


unit vector in iy direction 
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Appendix If 


Vector Identities 


(a) @&X(4xe) (a -c)b-(a-bje 
(2) V(¢t ¢) = Vp t+ VY 


sy) vitv) - $V¢yty vd 

(4) ¥-(atb) = VdtV-b 

(5)  VX(atb) = VKA + VX 

(6) v-(¢a) 2 2: Vbt OVA 

(7) YX (#4) e VPXL+D VXA 

(8) v(a-b) = (a: Db +(b-V)atax(Zxh) thx (Vxa) 
(9) v:@xb) =p Yxa-a-V%b 

ao) Yx@xb) =avb-bV-ar(s-V)a-(a'V/)b 

qu) - LZXZxe -VV-a4-V@ 


Qe) Vxve =0 
(13) V° VXe =0 
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Figure 2 
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L(z°) distribution over 
aperture for pattern shown in 
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FIGURE 7 
ELIMINATION OF MAIN LOBE 
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Appendix IV 
A Speeial Property of Determinants 


Given a set of n simultmeous ecuetiom of the Zorn obteined by 
ecuating coefficients of Lm of ecustion (4.07) where n = 1 equations are 


ecual to zero, ‘Ye heve an array of equations as follows: 
(1) Oo = a, us 7 d, 1, t L, Ls t A, L, Fut 2, (m-!) Ls 


\ 


(2) 0 0 is Peale a b, £ t by ve Fin o tb mi) Le(w-t) 


m™ @: oO iO Tine Ly cae’ i,t "102 (1) 42 


(3) A = 0 vO t # Kage teg-yt et X20 Le(m-s) 
(n) 0 = 0 +0 | me Ur L o(m-t) 


Assume first that none of the I le zero and that all coe?fi- 
cients exist. We may then solve for I, Dk where D is the determinant 
of the coefficients of the I, and Dey is me deterninant formed by re 
placing the In, colwan by the column on the left, Then all Dey, for 
a > 2(j - 1) will be zero and all I, for 2k > 2(j - 1) will be zero 
since the first column of D5, will be a linear combination of coluans 
2 to 2(j - 1) sand column 2k This reduces the mimber of enuntions in the 
Original array to j and the has equation may then be solved for 15( 3-1) 
The other ecuatione may then be solved to give the remaining Ia, for 


Me < 2(§ - 1). 
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As em example consider n equations for n-:5, j= 3. 


w= -4,4 + O97, +@,1,+Gi, +Gag 
0 -0 +h he wml +h rh 
A = 0 i eS 
0 ES 6 +t 0 # 0 td DL tdgd, 
0 = 6 t 6 tO + 0 + @) I; 


then 1.- %_ =. ‘We agoume that I, ond I, exist ant that DZ 0, 
D 
In ceterminent form we have 


Column 





However Dg = 6 since the O column is identical vith 


__ ao [Column Done ] Column 4— C4 Columal f 
a,- Le bi by A 


yr" 
Similarly Dg 0 
Hence, our original assumption was incorrect and we have left j non- 


trivial equations which may be easily solved, 


vv 


—— n = 
> - * si ri g) mY gk wk ot 32 
4 ~ o r ‘ 
af - * A wae = ps & + % : 
‘ qe as 4 wo %X ss 0 + Moo 
mn . 2 
ye 4 G+ Oo + b 4 6 2 - 
‘3, «a - ’. £5, @ + ° " Pa or _ 
0 dS tes 5 S 
. . = see? . s* 
Pyay pet as .o 7 . 
EC . we 
ye { ye oh » Ah 
{ a a “. 
#7 G wt ~ g 
t 
Sie kf gt i» ae 
~~ . 2 Q af 
id | | 
} 4° os y S - 
i —_ -~ aa 
E 
‘ a me \ og *f oe: 
Ve wry is uw os = a! fet Ss > not y. te _ “<6? | ai . 
. - fh 3 3 x = > 
» a 
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4s ~eteoet™e © cf+ ep elLeaa 2 & 


guy * ge (era + & Ds -~ 
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